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ABSTRACT: The partition function and expansion factor « for the radius of gyration of linear and circular Gaussian
chains is investigated by means of cluster theory. It is shown that use of the linearized & function pseudopotential
generates infinite cluster integrals for certain types of diagrams. These diagrams must be discarded, i.e., the theory
must be renormalized. However, pathological behavior persists even though only finite integrals are retained, as is
demonstrated by exact calculations for short chains. Both zeros and divergences are found for o for short chains, and
arguments are presented to suggest that this behavior persists as the chain length N increases. We have calculated
the first and last terms of the partition function for both linear and circular chains. These results form the basis for
an argument, independent of the short-chain results but in complete accord with them, which strongly suggests that
the traditional expansion a2 = 1 + 3,1 ¢,2" has a radius of convergence near |z| ~ N~1/2, Alternative prenormal-
ized cluster functions of a particular type may well generate similar problems. A simple function which avoids this
multitude of problems is proposed, and calculation of ¢; in the above series with this alternative yields the same re-
sult as originally obtained by Zimm, Stockmayer, and Fixman for the linear chain, and by Casassa for the circular
chain. We conclude that the § function pseudopotential gives the correct slope for a? at z = 0, but that such a function

cannot be generally used for finite 2.

I. Introduction

The Gaussian chain with volume exclusion has been a useful
model for polymer solutions for several years.1:? A configu-
ration of the chain is pictured as a random walk of Gaussian
steps which cannot intersect itself. Even with this simplifi-
cation it is necessary to choose potential forms which permit
evaluation of the configuration integral. It has become stan-
dard practice to prenormalize the potential in dealing with the
cluster expansion, and the usual choice for the prenormalized
cluster function is the d-dimensional Dirac & function for a
walk in d-dimensional space.

The cluster theory for such model chains has recently been
brought to form?3 which permits exact (numerical) calculation
of all coefficients of powers of the expansion parameter. We
have pursued these calculations for short chains, and have
unexpectedly found that the cluster theory is not well behaved
for each chain length and topology considered. Our results are
such as to strongly suggest that this mischievous behavior
persists to very long chains.

Owing to the leading role that the cluster theory plays in the
analysis of polymer solutions, it is important to understand
the nature of the difficulties we, and others, have encountered.
It is our contention, to be supported here, that prenormalizing
must be avoided. Having done so, one can except to make a
well-behaved theory of the excluded volume effect for all
values of the binary cluster integral. Finally, the status of
previous calculations is considered, particularly those of the
slope of the expansion factor at vanishing volume exclusion.
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It appears to us that this slope has been firmly established,*
even though the expansion factor for very long chains diverges
if the binary cluster integral is only slightly different from zero.

II. General Approach

The partition function @ for a self-avoiding walk of
Gaussian steps may be written as?

Q= f . f exp {—'Bigj V(rij)}
X expi—vR(A @ Eg)R}6(JR) d{R} (IL.1)

where R and its transpose R = (#y, F2, . . ., En) are Nd-di-
mensional vectors which specify the configuration of a par-
ticular walk. The coordinates r; locate the N beads of the
Rouse-Zimm chain. The N X N Rouse matrix A is known as
the Kirchhoff matrix in graph theory; the direct product of
A with the identity E4 of rank d expands A to conform with
R.Ineqll.l,8 = 1/kT, v = d/2(l2)y, where (/2), represents
the mean-square step length, and d = 1, 2, or 3 is the spatial
dimensionality. The é function of JR, where J is a row of ones,
fixes the center of gravity at the origin of coordinates. The
potential V(r;;) between beads i and j depends upon the
distance r;; = r; — rj, and since it is assumed pairwise additive
the Ursell-Mayer method may be utilized to write

exp =8 £ V)| = L 4= fy)
> 1>)

The cluster function f;; has been approximated by Fixman?b
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and others!? as X’ (f;;), where X’ is the value of the binary
cluster integral, and (f;;) is a prenormalized function. In-
corporation of the cluster functions in eq 1.1 gives

Q= f ... f exp{—yR(A ® Ey)R}

x I1 (1= X"(f;))5(JR) diR} (IL2)
1>
The expansion of II;»;(1 — X’ (f;;)) may be expressed as
L

I1 1 =-X{fij)) = L (=X")PF,

i>j p=0

(I1.3)
where

Fp=
) = (R .. 5 (m,n )i > k>,...m>n
The restriction {(;,j) # (k,!) ...} on the sum indicates that no
two (f) functions have identical indices; the product (f;;) . ..
{fmn) has p terms. Upon substituting eq I1.3 in eq I.2 and
reversing the order of summation and integration, one obtains

L
Q=% (-Xp f
X exp{—vR(A ® Eq)RIF,5(JR) d{R} (IL4)

; i) frd - Afmn?

Note that for a given chain of N beads the maximum value of
p cannot exceed L = N(N —~ 1)/2, and so the partition function
is a finite polynomial in X" if the chain is finite.

The expansion factor of the radius of gyration s is formally
calculated by means of a slight modification of eq IL.4. If (s?)
denotes the mean-square radius of gyration with volume ex-
clusion, and (s2)¢ denotes the similar quantity in its absence,
the expansion factor «? may be defined as a2 = (s2)/(s2),. It
is easily seen that

(82>=—Q'lad;fexp{—asQ-—'yﬁ(A®Ed)R§

X [T (1= X"(f;;))8(JR) d{R}jo=0 (IL5)

i>]
where s2 = N-1 RR. Use of eq I.3 in eq I1.5 and reversal of
the order of summation and integration leads to

(s2) = ~Q1 io (=X (dB,(@)/da)ece  (IL6)
p2

where
Bp(a) = f expl—as? — vR(A ® E;)RIF,6(JR) AR} (IL7)

Equation I1.6, as well as subsequent formulas, may be ren-
dered more succinct by defining

Q=Qx(a)= i (=X")?Bp(a) (I1.8)

p=0
which reduces to Qo(a) = By(a) in the absence of volume ex-

clusion. Thus
(s2)o = —d In Qola)/da| =0 (11.9)
and

o= dln Qx (a)/da).=0
dIn Qo(a)/da|a=o

(I1.10)

III. Renormalization

If the d-dimensional Dirac é function is used as the pre-
normalized cluster function, @x (0) may be written? as

@x(0) = Qo(0)A(X) (I11.1a)
where the function A(X) is the polynomial
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N(N=1)/2

AX) = (=X)PAp (I11.1b)
p=0

and a change of variables is made to X = X7(d/2#{I2)¢)9/2
Here A is the sum of the determinants, each raised to the
—d/2 power, of all principal minors of order p of a special
matrix3 Go~V. The order of G~V is N(N — 1)/2, but its rank
is N — 1. Thus, terms of the sum with p > N — 1 are divergent.
However, there are also divergent terms in the A, forp <N
— 1; these must be removed, i.e., the function A (X) must be
renormalized.

In the terminology developed for imperfect gases, one finds
that use of the é function yields divergent cluster integrals for
some irreducible diagrams. In particular, a closed circuit of
chords joining beads on the polymer chain will lead to an in-
finity in Ay, and such terms are inevitably encountered for all
p = 3. As an illustration, consider one term in A arising from
the three-body cluster (i,j)(j,k)(i,k). These pairs of beads may
be joined by chords which form a closed circuit. This circuit
corresponds to the term

Jj=—i 0 J—i| -ar
0 R—j k-] (I11.2)
J=1 k=j k-1

in As. The determinant is found to vanish, and as the deter-
minant is raised to the —d/2 power, A3 is infinite. The cluster
expansion does not produce redundant interactions, e.g.,
(t,))(,1). However, it does produce closed circuits, e.g.,
(z,7)(j,k)(k,i) just considered, for p = 3. Since terms referring
to clusters of the type (;,/)(j,k) . . . (ki) are present in all the
A, for any p 2 3, these coefficients in the expansion of € x (0)
are divergent.

Diagrams containing closed circuits have been excluded by
Yamakawa? in his development of the cluster theory of the
excluded volume effect. Furthermore, he seems to have been
acutely aware of this inherent problem with the é function in
his work on a three-parameter theory of dilute solution
properties.® The renormalization discussed here might be
considered as an explicit and generalized formulation of these
long known facts.25:8

The polynomial A(X) in eq II1.1b can be renormalized by
suppressing those terms in the coefficients A, which involve
infinities. This requires suppression of the entire coefficient
when p > N - 1. Overall this leads to a redefinition of A(X).
By stipulation

N-1
AX)= ¥ (=X)PAp
p=0

where A, is now understood to represent the finite remainder
of the original coefficient after terms involving closed circuits
of chords have been deleted. Derivatives of &x (a) must also
be renormalized. The numerator in eq I1.10 may serve as an
example; upon use of eq III.1a it may be cast into the form

d In Qx(a)/dale=0 = [(dQo(a}/da)s=0A(X)

+ Qo(dA(X,a)/da)y=0]/Qx(a) (IIL3)

Here

A(X,a) = L(=X)PAp(a)
and A(X) = A(X,0). Use of eq I1I.1a and I11.3 in eq I1.10 leads
to
Qo(dA(X,a)/da)s=0
(dQo(a)/da)s=0A(X)

Both numerator and denominator in eq III.4 represent re-
normalized functions.

(111.4)

aZ=1+
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Table I
Coefficients of Xin A(X) 2
Chain type N d A Ag Aj Ay As
Linear 3 2 2.5000 3.0000
3 2.3536 3.0000
4 2 4.3333 10.8333 16.0000
3 3.8996 9.6673 16.0000
5 2 6.4167 24.9333 71.2500 125.0000
3 5.5706 20.3497 60.8369 125.0000
6 2 8.7000 46.5036 195.4071 644.3000 1296.0000
3 7.3310 35.2810 146.5825 531.2265 1296.0000
Circular 3 2 4.5000 9.0000
3 5.5114 15.5885
4 2 7.3333 29.0000 64.0000
3 8.1584 40.5980 128.0000
5 2 10.4167 61.9048 256.2500 625.0000
3 10.7913 74.0024 396.4836 1397.5425
6 2 13.7000 109.3500 651.8571 2925.0000 7776.0000
3 13.4173 1154184 823.2731 4908.9903 19047.2322
@ Ao = 1 for every case.
Table IT a |/
Pathological Behavior in thezPartition Function (@) and 20l s
o
Chaintype N d X z=NV2X @ a2 '® 4
19
Linear 3 2 0.889 1.540 0 % \ N,
3 0.919 1.591 0 osl
4 2 0.393 0.785 0  Diverges —_ 45 8 \
3 0390 0.780 0 Diverges * 6 ! 2 s
5 2 -1.068 —2.387 0 s 5
0.318 0.711 0 —_ -05
3 —1.002 —2.241 0
0.326 0.728 0 -10r 6——
6 2 —0.386 —0.944 0 4
0.239 0.586 0  Diverges 187
3 -0369  —0.904 0 o
0.237 0.580 0  Diverges 6
Circular 3 2 0.444 0.770 0 /
3 0.363 0.629 0 Figure 1. The expansion factor o? for three-dimensional linear
4 2 —3.293 —6.585 0 Gaussian chains of N = 3-6 beads (two-five steps) plotted as functions
0.246 0.491 0 Diverges of the parameter z = N2y,
3 —2.356 -4.712 0
0.196 0.391 0  Diverges )
5 2 —1.455 —3.254 0 A(X) are listed in Table I. A comprehensive list of points of
0.222 0.497 0 pathological behavior found in the partition function (denoted
3 —1.049 —-2.345 0 by & in the table) as well as in o? are given in Table IL. It is
0.191 0.427 0 clear from Table II that the qualitative behavior of o2 is in-
6 2 -0499 —l.221 0 dependent of dimensionality or chain type. Figure 1 displays
0.166 0.406 0 Diverges the results obtained for o2 for the linear chain in d = 3 di-
3 —0.374 —0.915 0 mensional space. The behavior of o2 depicted in the fi i
0.139 0.340 0 Diverges pace. - depicted In the ligure 1s

The ratio of polynomials in eq II1.4 may be expressed in the
traditional form

a?=1+ 3 ¢p27

n=1

(I11.5)

if no attention is paid to convergence. Here z = XNV/2 and the
coefficients ¢, are presumed to be finite when evaluated in the
asymptotic limit N — «. Previous calculations of c3 which
have given finite results have been implicitly renormalized.®

IV. Numerical Calculations

Equation II1.4 was evaluated (after renormalization) for
both two- and three-dimensional linear and circular chains
composed of three to six beads on the University of Wash-
ington CDC 6400. Calculated coefficients A, in the polynomial

representative of the pattern of behavior found for both linear
and circular short chains in two and three dimensions.

One notes that the results in Table I for Ax_1 in the linear
case may be reproduced upon setting

AN_1 = NN-2 (Iv.1)

Similarly, the results listed for Ay—1 in the circular case may
be reproduced upon setting

Av_1 = NN—2+d/2 (IV.2)

as is readily verified by inspection of Table I. Furthermore,
eq IV.1 and IV.2 are shown to be exact for all N in Appendix
B. An extensive discussion of the results contained in Tables
I'and IT and implications thereof will be deferred to the next
section.

Values of the coefficient c; in eq I11.5 have been calculated
for larger values of N than those listed in Tables I and II. The
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Figure 2. The coefficient ¢1(N) in the expansion a? =1 + ¢;(N)z +

... as a function of N~12 for three-dimensional linear and circular
Gaussian chairs.

calculation of ¢; for the linear chain was extended to N = 2586,
and for the circular chain to N = 2000. The results of these
numerical calculations are depicted in Figure 2. For the linear
and circular chains considered (d = 3), ¢1(IN) may be ex-
pressed as the polynomial

ci(N) =5 p;N—i/2 (IV.3)
=0

13
For computational purposes, the expansion was truncated at
i = 5, and the coefficients b; were determined by Cramer’s
rule. Results for the linear chain give

c1(N) = 1.276 190 — 1.460 319N~1/2 — 0.001 049N -1
+ 2.835 974N~3/2 — 2,992 101N~2 — 0.288 852N ~5/2 (IV 4)

The computed limiting value, ¢1(«), agrees with the exact
result? ¢;(=) = 134/105 = 1.276 190. The circular chain results
reported in Table III may be similarly analyzed to give

c1{N) = 1.570 796 — 1.460 305N~-1/2 — 0,002 266N~
+ 5.169 494N ~3/2 + 1,074 883N 2 — 3.904 806N 52 (IV.5)

The exact limiting value for the circular chain is known? to be
ci{®) = /2 = 1.570 796. This result is also derived analytically
in Appendix C.

V. Asymptotic Forms

A. Behavior of the Configuration Integral. The ex-
trapolation to large N offered in this section is based upon
analysis of very small systems. For this reason, a segment of
the arguments to be presented is inductive. The general trends
found for the configuration integrals of the various small
chains investigated must first be elucidated.

As noted in eq II1.1a, the configuration integral calculated
by use of the pseudopotential takes the form Qx(0) =
Qo(0)A(X), where the renormalized A(X) is a polynomial of
degree N — 1in X. The renormalized coefficients, A, in A(X)
are positive definite. Hence A(X) may be written as the
product

N=1
AX) = H1 (1-XM;) (V.1)
j=
where the constants M; are chosen so that TM; = A,
2> MiM; = A, etc. For N = 3, the results of calculations
listed in Table I may be expressed in terms of eq V.1 with the
M; — M* = A,'/? exp(i6), where the angle 0 is chosen to give
the appropriate value for A;. Inspection of Table II reveals
that the configuration integral possesses a real root only for
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Table I11
Machine Calculated Coefficients ¢;(N) 2
Chain Chain
type N c1(N) type N c1(N)
Linear 36 1.044 15218 Circular 100 1.42998070
64 1.098 621 45 256 1.480 792 77
100 1.132 758 50 500 1.505 950 54
144 1.156 022 34 900 1.522 309 20
196 1.172 85129 1444 1.532 459 95
256 1.185574 16 2000 1.538 199 42
@ See eq IV.3.
Table IV
Real Roots of A(X) for N=4and 6
Chaintype N d X z=NV2X2  z(exact)?
Linear 4 2  0.397 0.794 0.785
3 0.397 0.794 0.780
6 2 0.239 0.584 0.586
3 0.239 0.584 0.580
Circular 4 2 0.250 0.500 0.491
3 0.198 0.397 0.391
6 2 0.167 0.408 0.406
3 0.139 0.341 0.340

@ Calculated from the approximate eq V.5. ¢ Values taken from
Table II.

N even. Therefore, most of the M; occur as pairs M;* = | M|
exp(+i8;) of complex conjugates. Hence, eq V.1 may be writ-
ten as

- —2)/2 .
N a-xmp=a-xM) T [ - XM exp(i6)]
j=1

x [1~ X| M| exp(—if))]

N=1 (N=1)/2 )
M (1-XMy= T1 [1- XM exp(if)]
j=1

N even
V.2)

X [1 — X|M|| exp(—if;)] N odd
The product representation is now extended beyond N =
3 by means of the assumption

My =|Md =...=|M| = (An-)VN=D  (V.3)

where the coefficient Ay—_1 is given alternatively by eq IV.1
or IV.2 for the linear or circular chain, respectively. It is con-
venient to set r = (Any-1)Y@ =1, Use of this approximation
for the |M|| in eq V.2 leads to the result

N-1 (N=1)/2

MIa-XMy= 11 [1-Xr
i=1 =1

X exp(i8,)][1 — Xr exp(—i8))] (V.4a)
when N is odd and
N-1 (N=2)/2
IMTa-XM)=0-Xr) 11T [1~Xr
(=1 =1

X exp(i8)][1 — Xr exp(—=i#;)] (V.4b)

when N is even. Now, if the form assumed for r were exact for
small N, then for even N the polynomial A(X) would possess
areal root at

X =1/r=(Ay-1)"VW-D

Thus, the location of the zero in the partition function for a
linear chain with even N would be independent of the spatial
dimensionality. Reference to Table II shows that this is only
approximately true. However, the overall agreement between

(V.5)
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Table V
The Coefficients A, and the Appropriate 8, Values 2
Chain type N d A Ao Bpbie 6,¢ st

Linear 4 2 4.2993 0 69.33
3 3.8365 0 74.85

5 2 6.3728 27.35 86.29

3 5.4414 30.05 92.98

6 2 8.7400 46.6032 0 45.76 98.94

3 7.2064 34.9589 0 49.97 106.49
Circular 4 2 7.2500 0 69.89
3 8.0558 0 72.59

5 2 10.2500 26.94 82.33

3 10.6058 29.17 90.34

6 2 13.5417 108.6429 0 44.57 94.81

3 13.2770 114.7067 0 48.65 103.64

a Calculations based on the approximate eq V.3 and V.4a,b. ® Refers only to N = 4, 6. © The values for the angles 8o, 81, and 8, are

in degrees.

eq V.5 and the location of zeros obtained from exact calcula-
tions is excellent, as inspection of Table IV reveals. The dis-
parity between the exact and approximate ordinates of zeros
is less than 2% for N = 4 and decreases to less than 1% for the
linear chain and less than 0.5% for the circular chain with N
= 6 (see Table IV).

The approximate forms for A(X) given by eq V.4a,b es-
tablish relationships amongst various A,. Application of eq
V.4b to a chain of four beads gives

A(X)=1-Xr[1+2cos 8]+ X221 + 2 cos §;] — X533

Hence, A = Ao/r; similarly, for N =5, A; = A3/r2 for N = 6,
A= A4/r3, and A; = Aa/r. The various coefficients calculated
by means of these relations are given in Table V along with the
corresponding angles ;. The approximate coefficients listed
in Table V are in good agreement with the exact values listed
in Table I.

It is concluded that the assumed form of r, ie., r =
(An-1)V/=1) g a very good approximation for small N, and
that it is reasonable to assume that the trend in agreement
continues for larger N,

The next point to be considered is the behavior of the 8% as
N increases. (Here the discussion will be confinedtod = 3.)
It is shown in Appendix A that A; = O(N) for both linear and
circular chains. From eq V.3 and the approximation to the M;,
one finds

(N=2)/2
Ar=r+2r Y cosfy N even
k=t (V.8)
(N=1)/2
=2r Y cosby N odd
k=1

Now, as N = =, r — N and the distinction between even and
odd N must vanish, so that A; (N odd) — A{(NN even). Hence,
in the limit N — =, at least one root for odd N must move to
the real axis. Equation V.6, as well as Table V, reveal that the
6% are not confined to the region (0,7/2). If the 8, were indeed
confined to (0, 7/2), then T cos 6 « N, and in consequence,
A1 « N2 gince r ~ N. This is not the case. In order that
limy—« Z cos 8 = o, where o is a constant of order unity and
independent of N, most of the cos 8, terms must cancel. In this
spirit one is led to make the plausible assertion that the 8, are
distributed throughout the entire region (0,7) as N -» », In-
spection of eq V.5 leads to the conclusion that the partition
functions §x (0) for both linear and circular chains have zeros
for finite even N at X ~ 1/N. In terms of z = N1/2X the zero
occurs at z ~ N~1/2 In light of this result and the discussion
above concerning the behavior of the roots of the partition

function for odd N, it is evident that in the infinite chain limit
@ x (0) has zero radius of convergence. This is in accord with
the results of Edwards,® Domb and Joyce,® and Gordon,
Ross-Murphy, and Suzuki.l® More recently, Oonol! has shown
that o2 = 0 for z — 0 along with the negative axis in the infinite
chain limit. His proof is based upon the assumption that «?
exists for some finite z as N — =, and that the coefficients ¢,
[eq IIL5] are finite in this limit. Both conjectures are ques-
tionable in view of our exact results for finite N.

Further insight into the nature of the zero of A(X) for the
linear chain in three dimensions may be obtained from the
magnitudes of A; and Ay—1. In Appendices A and B we show
that Ay is of order N, and An—1 is of order NV-1 (roughly
speaking) for all N. Hence, the polynomial A(X) might be
approximated as

A(X) = B(X)[1 = (=XN)¥)/(1 + XN)

where B(X) is expected to vary slowly with N. This form for
A(X) ensures that A, is of order NP. From this equation it is
seen that A(X) has a zero for even N near XN = 1 (the func-
tion B(X) can be expected to perturb the root). It is also ap-
parent that for odd N — « there is a root which approaches
the real axis as exp(in/N).
A rigorous argument showing that the cluster theory with
4 function is badly behaved as N — = may be formulated as
follows. Since
N-1
[T M;=NN-2
j=1
there is at least one | M;| = N17V/(¥=1 Hence,
N-1
AX) = 'H1 (1 - XM;)
j=
has at least one zero at

|X| < N-1+1/(N-D

This zero might not be located on the real axis, but in the limit
N — =, the zero converges to the origin as N1, Therefore, the
radius of convergence of both 4(X) and o2(z) go to zerc as N
— m.

This argument is independent of machine calculations, but
is in complete agreement with them. There is little doubt that
this root, planted by the prenormalized cluster function, poses
an unavoidable obstacle to continued use of all such functions
which have the property!2 that the parameters (if any) which
describe {f;;) are independent of X’ = [f;; dr;;. To further
argue the case, we go on to consider the equation for a?.

B. Behavior of a2, As noted in section III, a concise ex-
pression for a? is obtained upon generalizing Q. Here & —



382 Aronowitz, Eichinger

Qx(a), where Qx(a) = Qo(a)A(X,a) and A(X,a) =
2(—X)PAp(a). The generalization of eq V.1 is straightforward
upon recalling that the coefficients M; are directly related to
the coefficients Ap. It is clear that one may cast A(X,a) into
the form

A(X,a) = Nﬁ: [1 - XM, ()] V.7
L

and, by use of eq I1.9 and I11.4,
N_
a2 =1+ (X/(s2)o) le [dM; () /da)amo/(1 = XM;(0))]
P2

(V.8)

where
M;(a) = |Mj(a)| exp[it;(a)] (V.9)

The terms [dM;(a)/da],=0 are independent of X; hence eq
V.8 yields a convergent series

e?2=14 % b, X"
n=1

if, and only if,| XM;(0)| < 1 for all M;(0). Since there is at least
one |M;(0)| = N1=VW=1 the radius of convergence of this
traditional series for «® can be no greater than X =
N-1+V/WN=-D je 2 ~ N-V2 This result is in complete
agreement with the conclusions of others previously
cited.8-11 One sees from eq V.7 and the results discussed in
section V.A that the power series for a2 can only be valid
for|X| 5 1/N, or equivalently |z| S N~%/2 For larger values
of X, at least one denominator in eq V.8 will vanish for N
even.!? For X larger still, the term X|M;(0)] dominates
unity.
For large X, use of the approximation offered above [eq V.3]
gives
XM;(0) = X|M;(0)| expli6;(0)] ~ XN
X explid;(0)] = zN1/2 exp[i6;(0)]
and the asymptotic relation reduces to
[de(a)/da]a=o/[1 - XMj(O)] ~
—[dM;(a)/da]a=0o/XM;(0) (V.10)

which is also valid for N — «, X — 0, z = constant. When eq
V.10 is inserted into eq V.8 and the limit is taken one finds
that

lim a2 =1+ lim {[Q¢/(dQo(a)/da)s=q]
N-—w N—w

X3 (dM;(a)/da)a=o/M;(0)} (V.11)
Since
N-1
An-1(a) = H1 M;(a)
j=
it is seen that
2 {(dM;(a)/da)a=0/M;(0)}

= (dAn-1(a)/da)a=0/An-1(0) (V.12)

With use of the definition of r discussed in section V.A, eq
V.11 may be written

lim o2 =1+ lim {NQo(dr(a)/da)e=¢/
Nero Nera

r(0)(dQola)/da)a=ol (V.13)

In the approximation r(0) ~ N, eq V.13 may be further sim-
plified to
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Table VI
Numerical Results for the Function2 f(N) =1 —-
(dAn-1(a)/da)a=0/AN-1(0){s%)o

N d f(N){linear} f(N)fcircular}
3 2,3 0 0

4 2,3 0 —0.0500

5 2,3 —0.1888 —0.0848

6 2,3 —0.7746 —0.2526

’

@ The function f(N) may be obtained upon taking lim; x|~ o2,
which is a limit similar to N — =, z = constant, discussed in the
text.

lim a2=1 +1\ljim [Qoldr(a)/da)y=¢/

N—x

(dQola)/da)s=g] (V.14)

or

lim «?=1~ lim (s2)o~Ndr(a)/da)a=0
N—ow Ne—o

This important result states that o is a constant, independent
of X, in the limit N — «. This limit is attained for both posi-
tive and negative X, exclusive of X = 0. Reference to Table
VI suggests that o might become a large negative number in
the limit N — «. Order of magnitude estimates (not given
here) of «? in this limit suggest, in fact, that a2 — —,

VI. An Alternative to the § Function Pseudopotential

The & function pseudopotential is clearly in a precarious
position for two reasons. Renormalization is required to re-
move infinite terms in the A, for p 2 3; this alone suffices to
discourage use of the 6 function cluster function for calculation
of higher order terms in the cluster expansion. Second, the
renormalized functions display an impressive range of path-
ological behavior which include simple divergences and zeros
in 2. This behavior occurs in the “physical realm” and is
present for vanishingly small values of the expansion pa-
rameter in the large N limit.

It is clearly necessary to devise an alternative approximate,
vet integrable, cluster function which circumvents the prob-
lems inherent in the § function if one hopes to press the cluster
theory to a satisfactory conclusion. A function satisfying these
criteria is

1 —exp[—8V(x;j)] = f(r;;) = n exp(—r;-r;;/4y) (VL1

where ¢ > 0. This approximation has been chosen for three
reasons. (i) If one sets = X’(4m)) =42 and allows  — 0 at the
end of calculations, results identical with those obtained with
the & function are recovered. This version of the cluster
function is prenormalized since the independent parameter
X’ is taken to be the value of the binary cluster integral.
Hence, this choice for 7 does not eliminate pathological be-
havior.!? (ii) If n = 1, then 0 < exp[—BV(r;;)] < 1. Thus, the
configuration integral (see eq I1.1) is nonnegative definite for
all nonnegative ¥ (positive definite for 0 < y < =), and
bounded from above by the partition function for the unper-
turbed chain. (iii) Integrals are readily evaluated.

Equation VL1 is only a crude approximation and should not
be considered in any other light. With that disclaimer noted,
use of the function with n = 1 eliminates the pathological be-
havior found with use of the 6 function. However, in the fol-
lowing n will be left variable so as to comprehend alternative
choices.

The cluster function f(r) given by eq VI.1 has a Fourier
transform g(k):
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f(r) = [n/(27)9] fg(k) exp(iker)dk (VL.2)

where
g(k) = (4m) 92 exp(—ykk)

The evaluation of the configuration integral for Gaussian
chains with the Gaussian cluster function has been accom-
plished previously.® The result of that calculation is

Q@) = (x/) N2/ 8 + (a/yN)Ex—i| ¢/ io (=
P2

X (47)¥2)p T |3, (G, Y + 4WEL)JP|—d/2] (VL3)
all Jp

The diagonal matrix Ag is comprised of the nonvanishing ei-
genvalues of the Rouse-Zimm matrix A and is of order N —
1. The upper limit in the first sum is L = N(N — 1)/2. The
matrix

G, "V = CTo[Ao + (a/yN)En-1]"'ToC

where C is the incidence matrix of the complete graph on N
nodes. [An explicit representation for C is given in eq A.1,
Appendix A.] The matrix Ty of dimension (N — 1)N is related
to the orthogonal matrix T which diagonalizes A. Specifically,
Ty is obtained from T by deletion of its constant column. The
matrices Ex_; and E;, are identity matrices of order N — 1
and N(N — 1)/2, respectively. The superscript tilde denotes
the transpose. The operation :lp (Ga TV + 49y EL)d, selects
a submatrix of order p from G, -V + 4y¢E; which in turn
becomes a principal minor upon forming its determinant.
We now set Y = 5(4y)9/2 50 as to write

Qy(a) = Qola)A(Y,a) (VI.4a)

where

Qola) = (x/v)N-Dd/YAq + (a/yN)En-1|~9/2 (V1.4b)

and

Z ljp(Ga(_l) + 47¢EL)JpI —d/2

A(Y,a) = i (=Y)»r
p=0 all Jp

(V14c)

Hence, the expansion factor o may be expressed in terms
similar to those of eq I111.4 as

o2 = 1= (52013 In A(Y,a)/a| a=0 (VL5)

The choice n = X’(4m}) %2 gives Y = X'(y/7)9/2 = X. Upon
taking the limit ¢ — 0 in eq VI.4c, a result identical with that
obtained with use of the & function is reclaimed. In this case,
as before, summation over p in eq V1.3 and VI.4c must be
terminated at p = N — 1, and terms associated with diagrams
with closed circuits will be infinite.

If we make the alternative choice for 5 suggested above, i.e.,
n = 1, then Y = (4vy¢)9/2. Examination of eq VI.4c or the
configuration integral itself reveals thatas Y — 0, A(Y,a) —
1 and that when Y -+ =, A(Y,a) — 0. Hence, for any finite
value of N, both the partition function and the expansion
factor a? will not exhibit pathological behavior when Y < .

The most interesting result concerning the Gaussian cluster
function is revealed when the expansion

a?=14c (N)NV2ZY + . ..

is examined. The coefficient ¢1(/N) is evaluated in Appendix
C for the circular chain, where it is shown that, if

4y <Nt £>0

then limy >« ¢1(N) is the same as the value Casassa’ obtained
using the 6 function. Similar calculations for the linear chain
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(not demonstrated here) yield the value obtained by Fixman.*
That is to say, the prenormalized & function cluster function
appears to give the correct slope for a2 at z = 0, even though
the prenormalizing approximation cannot be used for the
general theory. The Gaussian cluster function is only slightly
closer to physical reality than is the 6 function, but the fact
that the coefficients c; are independent of the precise form
of the potential argues strongly in favor of the general validity
of Zimm’s, Stockmayer’s, and Fixman’s original calculation
of ¢;. Although we have not yet calculated c¢; with this alter-
native cluster function, we expect it to generate the same value
as obtained with the 6 function. Higher order terms are certain
to be different, however.

The very weak bound that we place on 4v¢ may be trans-
lated to the form: if the range of the Gaussian cluster function,
(6)12, does not grow with NV as fast as the root-mean-square
end-to-end distance of the unperturbed chain, (3N/2v)1/2,
then the precise range of the potential is immaterial. In the
infinite chain limit the range relative to the rms dimension
shrinks to zero. We cannot at this time assert that the same
conclusion holds if the potential of mean force possesses one
or more minima.

There is another feature of the expansion IIL5 for o which
deserves comment. Division of the polynomial dA(Y,a)/da].=0
by A(Y,0) in eq VL5 to yield an expression of the form of eq
I11.5 will yield a convergent polynomial if and only if 1 —
A(Y,0) = A1Y — AyY?2 4+ . || is bounded from above by unity.
Since A1 is of order N [see eq A.7 of Appendix A}, Y cannot
be of order greater than N~1if the first few terms of the ex-
pansion are expected to yield an accurate representation for
the behavior of a2. We have already shown that A(Y,0) is
bounded by unity by the simple observation that the Gaussian
cluster funetion is bounded. Hence, the power series will work
in general, but there is no guarantee that a great many terms
will not have to be calculated for this representation to work
for large values of Y. Our current feeling is that a Padé ap-
proximant will be the best representation for o2, short of a
complete solution.

VII. Conclusion

The slope of &2, determined by Zimm, Stockmayer, and
Fixman* and by Casassa’ for linear and circular chains, re-
spectively, appears to be valid at z = 0 for a general class of
potential forms. However, use of the linearized 6 function
pseudopotential for calculation of cluster integrals beyond
second order generates infinite terms. Upon discarding these
integrals, finite values for the partition function are obtained.
Yet the theory is still not well behaved, because the partition
function now contains a real zero for finite even N and for
infinite odd N. This zero occurs near z ~ N~1/2 for finite even
N in the infinite chain limit o2 has zero radius of convergence.
These difficulties are associated with any of a class of pre-
normalized cluster functions. An alternative cluster function
has been suggested, which can be exploited to develop the
cluster theory with the assurance that finite results will be
obtained.
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Appendix A

Let C be an N X N(N = 1)/2 matrix whose nonzero ele-
ments c;; are given by
civr =1 Citri+t = —1 (A1)

wherek=1,...,N=1,i=1,...,N—=k [=N(k-1)—k(k
- 1)/2=(N —k/2) (kR = 1). Let W be an N X N matrix whose
elements w ;; are given by
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wi;=N-—7 [ <]
7 J J (A.2)
wi;=N-=1i 1=
It has been shown for the linear chain that!4
G-V =CWC

where the superscript tilde indicates the transpose. The
coefficient A; in eq IIL1b is related to G~V by

NN-1)/2

A= (8mm D) 7/2 (A.3)

m=1
The diagonal elements of G(~1 are readily calculated from eq
A.land A.2.If i, k, and [ are defined as in eq A.1, then

GirtittTV = Wi = Wik — Wijrh — Witki+k =k (A4)
Sincei =1,...,N —k, thereare N — k identical elements for
each value of k. Thus, eq A.3 becomes

N=-1
A= Y (N —k)k-92 (A.5)

k=1

For d = 2, one finds15 that
Ai=NlnN-({J-CIN+%L+0ND (A.6)

where C is Euler’s constant. For the case d = 3 it is convenient
to define

©

2= 5 k-3/2 = 5(3/2)
k=1
where £(%) is the Riemann ¢ function. Then o = 1.3062. One
finds!? that
Ay = 20N — ANV2 — g(1) + O(N-172) (A7)

For the circular chain Go~V = CVC, where Visan N X N
matrix whose elements v;; are given by

vi= (N=)HA=-(N-i)/N) i<

. . L. (A.8)
vy = (N =1 —(N=-))/N) 12>
The diagonal elements of this G~V are given by
Gi+ti+1 TV = Uy = Uity = Vigsk
+ Vitkivk = R(N — R)/N (A9)

Here the variables i, k, and [ are defined as in eq A.1. Since i
=1,...,N —k, there are N identical diagonal elements if £
= N — s and k = s are taken together. (For even N thereisa
single unpaired element.) This observation allows eq A.3 to
be evaluated for the circular chain as
(N=1)/2
A1=N (s(1 —x))~4/2

s=1

N = odd integer

(N=2)/2
A= N Z (s(1 - x))—d/Q + 2d=-1DN((@2=-d)/2
s=1

N = even integer (A.10)
where x = s/N. Whend = 2,
A1~ NlIn (N) + 0(N) (A.11)

Since 0 < s/N < % for all s, expansion of the denominators
in eq A.10 about s/N = 0 is valid for all s. Negligible error is
introduced upon extending the upper limit of s to N/2 for any
N. The expansion

(1=x)"32= 5 [(2k + D)/22F(RN2x*
k=0

has a radius of convergence of unity and may be directly ap-
plied to eq A.10 to yield
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N/2 N/2 o«
Air=N3Y s 324+ NY 3 [k +1)Y/
=1 s=1 k=1

22k(k/)2] [s(2h—3)/2/Nk] (A.12)

The double sum on the right-hand side of eq A.12 is evaluated
by interchanging orders of summation and by converting the
various Zs(2k=3)/2/N* t, integrals, to give

N/2 1/2
5 s(2k—3)/2/Nk ~ N-1/2 f x (2h=3)/2 dy
s=1 0

~2N-1V2(2k — 1)712-@k-D2  k>1 (A.13)
The second term on the right-hand side of eq A.12 is of order
N2 gsince

2 5 [(2k + DY(2k — 1)26E-D/2(k12)
k=1

<952 3 [(2k + 1)Y/2%k(k))?] = 23/2(23/2 — 1)
k=1

by substitution from eq A.13. The last expansion is obtained
from the closed form 23/2[(1 — x)~3/2 — 1] when x = 1. The
first term on the right-hand side of eq A.12 approaches the
expression encountered for the linear chain as N — o,13b
Thus, when d = 3,

A1~ 20N + 0(N'2) (A.14)

and one sees that the lead terms in 4, for linear and circular
chains are asymtotically equal.

Appendix B

It has been shown elsewhere!4 that if D denotes the (N —
1) X N(N — 1)/2 petrie matrix whose only nonzero elements
are

djtm-1j+1=1 (B.1)

wherek=1,...,N-1,j=1,... N—k I= (N-k/2)(k -
1), m=1,...,k,then,

Go-V = DD (B.2)

for the linear chain. The matrix D represents the N(N — 1)/2
possible combinations of pair contacts. Let Jy—_1() denote a
[N(N = 1)/2] X (N = 1) matrix, each of whose N — 1 columns
contains a single nonzero element equal to unity. It is further
stipulated that no two columns in -1, are identical. One
then sees that Jn— () Go"Vdn—1( selects a submatrix from
G~V which becomes a principal minor upon forming its
determinant as required to construct the coefficient Ay—; of
the partition function. The subscript r in Jy—1(,) denotes the
rth combination of nonzero elements. There are (N(N —
/(N = 1N = (N = 2)/2)! such combinations. The
matrix product DJy_1() is a square matrix of dimension (N
— 1) X (N — 1); thus

[ In-107Go VI N1 = | DI N1 2

Since the determinant of the transpose of a matrix equals the
determinant of that matrix.

The important feature of the matrix Ddn_1») is that it is
a square petrie matrix. It has been shown!® that the value of
the determinant of a square petrie matrix can be only 0, +1,
or —1. In consequence, the left-hand side of eq B.3 is

|In-107Go "D N_1(n| = 0or1

(B.3)

(B.4)

Thus all the nonvanishing principal minors of order N — 1 of
G~V are equal to 1. The number of nonvanishing principal
minors of order N — 1 may be obtained by use of a famous
theorem in graph theory. It was shown by Cayley that the
number of trees in a complete graph is NV—2, where all the
trees in a connected graph of N nodes contain N — 1 edges.
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This is just the number of diagrams in the (N — 1)th term in
the cluster expansion which do not possess a circuit. This re-
sult, together with eq B.4, establishes that

An_1 = NN-2 (B.5)

for the linear chain.
The circular chain will now be considered. As has been
noted in Appendix A [eq A.8],

Go(_l) = CVC
Manipulation of this equation gives
Go'~" = DFD

where the (N — 1) X (N — 1) matrix F = E — N~1U,

The matrix D and its transpose D have been encountered
in eq B.2. In essence, the matrix F displays the degeneracy
introduced upon closing the linear chain. Substitution of eq
B.6 for Go{~V in the left-hand side of eq B.3 yields

| IN-1nGo "IN 1| = [ DIn-1|4F| (B.7)

Here |Ddn -1 ? is either zero or unity, as before. There are
NN=2 nonvanishing determinants. The determinant |F| is
readily evaluated after observing that U possesses only one
nonzero eigenvalue, equal to N — 1. Thus, |F = 1/N, so that

!JN—I(I‘)GO(_I)JN_I(,.)| —d/2 = Nd/2 (BS)

The observation that for the circular chain there are exactly
NN-2(r) assignments satisfying eq B.8 leads to

Ano; = Nd/2NN-2

(B.6)

(B.9)
for all N.

Appendix C
The coefficient ¢1(N) in the expansion

@2=1+c(N)NV2Y + . .

for the circular chain will be evaluated in the limit as N — «.
Here, direct use is made of the cluster function defined by eq
VI.1. The results for large N are independent of whether N
is odd or even; since expressions for odd N are somewhat
simpler than for even N, only odd N will be treated. One may
show for three dimensions that

(V) = B[N N2 — D)1 P [V = DN

N [+1 )
AW (N =2 =27 = X (N =)
=1 j=
N—/-1
XN+j=1-2(-)G-2) - El (N—-k—-1-1)

X(N—k—-1)k+1-1(k-1); (CI)

Set,w=i/N,x=j/N,y=k/N,z=1/N, 6 =4vy/N. Upon con-
verting the expressions in eq C.1 to integrals, one finds (to the
highest power in N as N — «) that
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c1(N) ~6J;1/2 dz [[2(1 —2) + )52
X [J:)l (1 - w)w? dw — j;z(l —x)(1+x—2)(z —x)x

de_ﬁl_z (1—y—z)<1—y>(y+z>ydy]] (C.2)

The evaluation of the integrals contained within the large
square brackets in eq C.2 results in

2 )
cl(N)~j; defz2(1 — 2)%/(z(1 = 2) + 8% (C.3)

Consider the more general form B(a), where

/2
Bla) = j;l dz/(az(1 —z) + §)1/2 (C.4)
The right-hand side of eq C.3 is related to B(a) by
/2
{7ttt = 29%/201 ~ 2) + 09
= (%h)(d?B(a)/da?)q=1 (C.5)
The tabulated integral (eq C.4) is
B(a) = a=2sin"1{[a/(a + 45)]1/% (C.6)
Use of eq C.5 and C.6 in eq C.3 leads to
c1(N) ~sin=H{(1 + 48)~1/2) — (%)86V/2{(1 + 45)~1
+2(1+48)72—(1+ 4673 (C.7)

If 4vy < N1=% where £ > 0, then 6 = N~¢ and one finds

lim ¢((N) =sin"1(1) = /2

N—w

(C.8)

This result is identical with that obtained by Casassa, who
used the three-dimensional Dirac 8§ function.”
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